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Quantifiers with Restricted Domains

An abbreviated notation 1s often used to restrict the domain of a quantifier. In this nota-
tion, a condition a variable must satisfy is included after the quantifier.

EXAMPLE What do the statements Vx < 0 (x2 > 0), Vy £ 0 (y3 # 0),and 4z > 0 (z2 = 2) mean, where
the domain in each case consists of the real numbers?

Solution: The statementVx < 0 (x2 > 0) states that for every real number x withx < 0, x? > 0.
That is, it states “The square of a negative real number 1s positive.” This statement is the same
as Vx(x <0 — x2 > 0).

The statement Vy # 0 (y> # 0) states that for every real number y with y # 0, we have
y3 #£ 0. That is, it states “The cube of every nonzero real number is nonzero.” Note that this
statement is equivalent to Vy(y # 0 — y> # 0).

Finally, the statement 4z > 0 (z%2 = 2) states that there exists a real number z with z > 0
such that z? = 2. That is, it states “There is a positive square root of 2’ This statement is
equivalent to 3z(z > 0 A z° = 2). <



Precedence of Quantifiers

The quantifiers V and 3 have higher precedence than all logical operators from propositional
calculus. For example, Vx P(x) Vv Q(x) is the disjunction of Vx P (x) and Q(x). In other words,
1t means (Vx P(x)) vV Q(x) rather than Vx(P(x) vV Q(x)).

Logical Equivalences Involving Quantifiers

DEFINITION Statements involving predicates and quantifiers are logically equivalent if and only if they
have the same truth value no matter which predicates are substituted into these statements
and which domain of discourse is used for the variables in these propositional functions.
We use the notation S = T to indicate that two statements S and 7" involving predicates and

quantifiers are logically equivalent.



EXAMPLE

Show that Vx(P(x) A Q(x)) and Yx P(x) A VxQ(x) are logically equivalent (where the same
domain 1s used throughout). This logical equivalence shows that we can distribute a universal
quantifier over a conjunction. Furthermore, we can also distribute an existential quantifier over

a disjunction. However, we cannot distribute a universal quantifier over a disjunction, nor can
we distribute an existential quantifier over a conjunction.

Solution: To show that these statements are logically equivalent, we must show that they always
take the same truth value, no matter what the predicates P and Q are, and no matter which
domain of discourse is used. Suppose we have particular predicates P and Q, with a common
domain. We can show that Vx(P(x) A Q(x)) and Vx P(x) A Vx Q(x) are logically equivalent
by doing two things. First, we show that if Vx(P(x) A Q(x)) is true, then Vx P(x) A VxQ(x)
1s true. Second, we show that if Vx P(x) A Vx Q(x) is true, then Vx(P(x) A Q(x)) is true.

So, suppose that Vx(P(x) A Q(x)) is true. This means that if a is in the domain, then
P(a) A O(a) 1s true. Hence, P(a) is true and Q(a) is true. Because P(a) is true and Q(a) is
true for every element in the domain, we can conclude that Vx P(x) and Vx Q(x) are both true.
This means that Vx P(x) A VxQ(x) is true.

Next, suppose that Vx P (x) A Vx Q(x) is true. It follows that Vx P (x) is true and Vx Q(x) 1s
true. Hence, if a is in the domain, then P (a) is true and Q(a) is true [because P(x) and Q(x)
are both true for all elements in the domain, there is no conflict using the same value of a here].

It follows that for all a, P(a) A Q(a) 1s true. It follows that Vx (P (x) A O(x)) is true. We can
now conclude that

Vx(P(x) AN Q(x)) =VxP(x) AVxQ(x). <



Negating Quantified Expressions

—VxP(x) =dx —-P(x).

To show that —=Vx P(x) and Jx P (x) are logically equivalent no matter what the propositional
function P(x) is and what the domain is, first note that =Vx P (x) is true if and only if Vx P (x) is
false. Next, note that Vx P (x) is false if and only if there is an element x in the domain for which
P (x) is false. This holds if and only if there is an element x in the domain for which =P (x) is
true. Finally, note that there is an element x in the domain for which =P (x) is true if and only
if 9x = P(x) is true. Putting these steps together, we can conclude that —=Vx P(x) is true if and
only if 3x =P (x) is true. It follows that =Vx P (x) and dx — P (x) are logically equivalent.

—3dxO0(x) = Vx =0 (x).

To show that =3x Q(x) and Vx —Q(x) are logically equivalent no matter what Q(x) is and what
the domain is, first note that —=3x Q(x) is true if and only if 3x Q (x) is false. This is true if and

only if no x exists in the domain for which Q(x) is true. Next, note that no x exists in the domain
for which Q(x) is true if and only if Q(x) is false for every x in the domain. Finally, note that
Q(x) is false for every x in the domain if and only if =Q(x) is true for all x in the domain,
which holds if and only if Vx—Q(x) is true. Putting these steps together, we see that —=3x Q (x)

1s true if and only if Vx—Q(x) is true. We conclude that —dx Q(x) and Vx —Q(x) are logically
equivalent.



The rules for negations for quantifiers are called De Morgan’s laws for quantifiers. These
rules are summarized in Table 2.

TABLE 2 De Morgan’s Laws for Quantifiers.

Negation Equivalent Statement When Is Negation True? When False?

—3x P(x) Vx—P(x) For every x, P(x) is false. There is an x for which
P(x) is true.

—VxP(x) dx—P(x) There is an x for which P (x) is true for every x.
P(x) is false.

EXAMPLE  Whatare the negations of the statements “There is an honest politician” and “All Americans eat
cheeseburgers”?

Solution: Let H(x) denote “x is honest.” Then the statement “There is an honest politician™
is represented by dxH (x), where the domain consists of all politicians. The negation of this
statement is —3dxH (x), which is equivalent to Vx—H (x). This negation can be expressed as
“Every politician is dishonest.” (Note: In English, the statement “All politicians are not honest™
1s ambiguous. In common usage, this statement often means “Not all politicians are honest.”
Consequently, we do not use this statement to express this negation.)

Let C(x) denote “x eats cheeseburgers.” Then the statement “All Americans eat cheese-
burgers” is represented by VxC (x), where the domain consists of all Americans. The negation
of this statement is =VxC (x), which is equivalent to 3x—C (x). This negation can be expressed
in several different ways, including “Some American does not eat cheeseburgers” and “There
1s an American who does not eat cheeseburgers.” <



EXAMPLE

EXAMPLE

What are the negations of the statements Vx (x? > x) and Ax (x? = 2)?

Solution: The negation of Vx (x%2 > x) is the statement —Vx(x% > x), which is equivalent to
Jx—(x? > x). This can be rewritten as 3x (x? < x). The negation of dx (x% = 2) is the statement
—3x(x% = 2), which is equivalent to Vx—(x% = 2). This can be rewritten as Vx (x2 # 2). The
truth values of these statements depend on the domain. <

Show that =Vx(P(x) — Q(x)) and Ix(P(x) A =Q(x)) are logically equivalent.

Solution: By De Morgan’s law for universal quantifiers, we know that =Vx(P(x) — Q(x))
and dx(—(P(x) — Q(x))) are logically equivalent. By the fifth logical equivalence in Table 7
in Section 1.3, we know that —=(P(x) — Q(x)) and P(x) A =Q(x) are logically equivalent
for every x. Because we can substitute one logically equivalent expression for another in a
logical equivalence, it follows that =Vx(P(x) — Q(x)) and dx(P(x) A —=Q(x)) are logically
equivalent. <



Nested Quantifiers

we avoided nested quantifiers, where one quantifier is within the scope of another, such as
Vxdy(x +y =0).

Note that everything within the scope of a quantifier can be thought of as a propositional function.
For example,

Vxdy(x +y =0)

is the same thing as Vx Q(x), where Q(x) is dy P (x, y), where P(x,y)isx +y = 0.

Understanding Statements Involving Nested Quantifiers

To understand statements involving nested quantifiers, we need to unravel what the quantifiers
and predicates that appear mean. This is illustrated in Examples 1 and 2.



EXAMPLE 1 Assume that the domain for the variables x and y consists of all real numbers. The statement
VxVy(x +y =y +x)

says that x + y = y + x for all real numbers x and y. This is the commutative law for addition
of real numbers. Likewise, the statement

Vxdy(x +y =0)

says that for every real number x there is a real number y such that x + y = 0. This states that
every real number has an additive inverse. Similarly, the statement

VxVyVz(x + (y +2) = (x +y) + 2)

is the associative law for addition of real numbers. <

EXAMPLE 2 Translate into English the statement
VaVy((x > 0) A (y <0) = (xy <0)),
where the domain for both variables consists of all real numbers.
Solution: This statement says that for every real number x and for every real number y, if x > 0
and y < 0, then xy < 0. That s, this statement says that for real numbers x and y, if x 1s positive

and y is negative, then xy is negative. This can be stated more succinctly as “The product of a
positive real number and a negative real number is always a negative real number.” <



The Order of Quantifiers

Many mathematical statements involve multiple quantifications of propositional functions in-
volving more than one variable. [tis important to note that the order of the quantifiers is important,
unless all the quantifiers are universal quantifiers or all are existential quantifiers.

These remarks are illustrated by Examples 3-5.

EXAMPLE 3 Let P(x, y) be the statement “x + y = y + x.” What are the truth values of the quantifications
VxVyP(x, y) and VyVx P (x, y) where the domain for all variables consists of all real numbers?

Solution: The quantification
VxVyP(x, y)
denotes the proposition
“For all real numbers x, for all real numbers y, x +y =y + x.”

Because P(x, y) is true for all real numbers x and y (it is the commutative law for addition,
which is an axiom for the real numbers—see Appendix 1), the proposition VxVy P (x, y) is
true. Note that the statement VyVx P (x, y) says “For all real numbers y, for all real numbers x,
x + y = y + x.” This has the same meaning as the statement “For all real numbers x, for all real
numbers y, x + y = y 4+ x.” That is, VxVy P(x, y) and VyVx P(x, y) have the same meaning,
and both are true. This illustrates the principle that the order of nested universal quantifiers
in a statement without other quantifiers can be changed without changing the meaning of the
quantified statement. <



EXAMPLE 4 Let Q(x, y) denote “x + y = 0.” What are the truth values of the quantifications IyVx Q(x, y)
and Vx3yQ(x, y), where the domain for all variables consists of all real numbers?

Solution: The quantification
IyVx O(x, y)
denotes the proposition
“There 1s a real number y such that for every real number x, Q(x, y).”

No matter what value of y is chosen, there is only one value of x for which x + y = 0. Because
there is no real number y such that x + y = 0 for all real numbers x, the statement AyVx Q(x, y)
1s false.

The quantification

VxdyQ(x, y)
denotes the proposition
“For every real number x there is a real number y such that Q(x, y).”

Given a real number x, there is a real number y such that x + y = 0; namely, y = —x. Hence,
the statement Vx3y Q(x, y) is true. <



EXAMPLE 5

Let Q(x,y,z) be the statement “x + y = z.” What are the truth values of the statements
VxVy3dzQ(x, vy, z) and AzVxVyQ(x, y, z), where the domain of all variables consists of all
real numbers?

Solution: Suppose that x and y are assigned values. Then, there exists a real number z such that
x + y = z. Consequently, the quantification

VxVy3zQ(x, y, z),

which is the statement

“For all real numbers x and for all real numbers y there is a real number z such that
X _|_ y — Z,”

is true. The order of the quantification here is important, because the quantification

dzVxVyQO(x, y, 2),

which is the statement

“There is a real number z such that for all real numbers x and for all real numbers y it
true that x + y = z,”

is false, because there is no value of z that satisfies the equation x + y = z for all values of
and y.

1S

X

<



TABLE 1 Quantifications of Two Variables.

Statement When True? When False?
VxVyP(x,y) P(x, y) 1s true for every pair x, y. There 1s a pair x, y for
VyVxP(x,y) which P(x, y) is false.
VxdyP(x, y) For every x there is a y for There 1s an x such that
which P(x, y) is true. P(x, y) 1s false for every y.
IxVyP(x, y) There 1s an x for which P (x, y) For every x there 1s a y for
is true for every y. which P (x, y) 1s false.
dxdyP(x, y) There 1s a pair x, y for which P(x, y) 1s false for every
Jydx P(x, y) P(x, y) is true. pair x, y.




Rules of Inference

DEFINITION T Anargument in propositional logic is a sequence of propositions. All but the final proposition
in the argument are called premises and the final proposition is called the conclusion. An
argument is valid if the truth of all its premises implies that the conclusion is true.

An argument form in propositional logic is a sequence of compound propositions involv-
ing propositional variables. An argument form is valid no matter which particular proposi-
tions are substituted for the propositional variables in its premises, the conclusion is true if
the premises are all true.

Then, the argument has the form

P—4q
p
‘g

where .". 1s the symbol that denotes “therefore.”

“If you have access to the network, then you can change your grade.”
“You have access to the network.”

*. “You can change your grade.”



EXAMPLE 1

EXAMPLE 2

Suppose that the conditional statement “If it snows today, then we will go skiing” and its
hypothesis, “It is snowing today,” are true. Then, by modus ponens, it follows that the conclusion
of the conditional statement, “We will go skiing,” is true. <

As we mentioned earlier, a valid argument can lead to an incorrect conclusion if one or
more of its premises is false. We illustrate this again in Example 2.

Determine whether the argument given here is valid and determine whether its conclusion must
be true because of the validity of the argument.

“If /2 > %, then (\/E)z > (%)2 We know that /2 > % Consequently,
W =2 () =¥

Solution: Let p be the proposition “y/2 > %” and ¢ the proposition ‘2 > (%)2.” The premises

of the argument are p — ¢ and p, and ¢ is its conclusion. This argument is valid because it
is constructed by using modus ponens, a valid argument form. However, one of its premises,

V2 > %, is false. Consequently, we cannot conclude that the conclusion is true. Furthermore,

note that the conclusion of this argument is false, because 2 < %. |



We then show that the resulting argument form is a rule of inference from Table 1

TABILE 1 Rules of Inference.

Rule of Inference Tautology Name

(pANp—>9q) —q Modus ponens

SRS
¥
_Q

Q

—q (—mg AN(p —> q)) > —p Modus tollens

P —q (p—=g)N(@g@—r)—(p—>r) Hypothetical syllogism

pvVq ((pVg)AN—p)—q Disjunctive syllogism

P p— (pVaq) Addition

pPNg (pNg)—>p Simplification

P ((P) AN (@) = (P ANg) Conjunction

pPVvgq (pvg) AN(=pVvr)—(gVvr) Resolution
—pVr

.qgVr




EXAMPLE 3

EXAMPLE 4

State which rule of inference is the basis of the following argument: “It is below freezing now.
Therefore, it is either below freezing or raining now.”

Solution: Let p be the proposition “It is below freezing now” and g the proposition “It is raining
now.” Then this argument is of the form

P
S.p V(g

This is an argument that uses the addition rule. <

State which rule of inference is the basis of the following argument: “It is below freezing and
raining now. Therefore, it is below freezing now.”

Solution: Let p be the proposition “It is below freezing now,” and let g be the proposition “It is
raining now.” This argument is of the form

PNq
. p

This argument uses the simplification rule. <



Combining Rules of Inference for Propositions
and Quantified Statements

Vx(P(x) = Q(x))

P (a), where a 1s a particular element in the domain

. 0(a)

Vx(P(x) — Q(x))

—((a), where a is a particular element in the domain

.~ P(a)

EXAMPLE 14  Assume that “For all positive integers n, if n is greater than 4, then n? is less than 2" is true.
Use universal modus ponens to show that 100> < 2109,

Solution: Let P(n) denote “n > 4” and Q(n) denote “n? < 2" The statement “For all positive
integers n, if n 1s greater than 4, then n?isless than 2" can be represented by V(P (n) — Q(n)),
where the domain consists of all positive integers. We are assuming that Vu(P (n) — Q(n)) is
true. Note that P(100) is true because 100 > 4. It follows by universal modus ponens that
Q(100) is true, namely that 100> < 2190, <



Methods of Proving Theorems

Direct Proofs

A direct proof of a conditional statement p — g is constructed when the first step is the
assumption that p is true; subsequent steps are constructed using rules of inference, with the
final step showing that g must also be true. A direct proof shows that a conditional statement
p — ¢ 1s true by showing that if p is true, then ¢ must also be true, so that the combination
p true and ¢g false never occurs. In a direct proof, we assume that p is true and use axioms,

definitions, and previously proven theorems, together with rules of inference, to show that g
must also be true.

DEFINITION 1 The integer n is even if there exists an integer k such that n = 2k, and n is odd if there exists
an integer k such that n = 2k + 1. (Note that every integer is either even or odd, and no
integer 1s both even and odd.) Two integers have the same parity when both are even or both
are odd; they have opposite parity when one is even and the other is odd.



EXAMPLE 1  Give a direct proof of the theorem “If # is an odd integer, then n? is odd.”

Solution: Note that this theorem states Vn P ((n) — Q(n)), where P(n) 1s “n 1s an odd integer”
and O(n) is “n~ i1s odd.” As we have said, we will follow the usual convention in mathematical
proofs by showing that P(n) implies Q(n), and not explicitly using universal instantiation. To
begin a direct proof of this theorem, we assume that the hypothesis of this conditional statement
is true, namely, we assume that n is odd. By the definition of an odd integer, it follows that
n =2k + 1, where k is some integer. We want to show that n? is also odd. We can square
both sides of the equation n = 2k + 1 to obtain a new equation that expresses n>. When we do
this, we find that n> = (2k + 1)> = 4k*> + 4k + 1 = 2(2k*> 4 2k) + 1. By the definition of an
odd integer, we can conclude that n” is an odd integer (it is one more than twice an integer).
Consequently, we have proved that if # is an odd integer, then n? is an odd integer. <

Proof by Contraposition

An extremely useful type of indirect proof is known as proof by contraposition. Proofs
by contraposition make use of the fact that the conditional statement p — ¢ is equivalent to its
contrapositive, =g — —p. This means that the conditional statement p — ¢ can be proved by
showing that its contrapositive, =g — —p, is true. In a proof by contraposition of p — g, we
take —g as a premise, and using axioms, definitions, and previously proven theorems, together
with rules of inference, we show that — p must follow. We will illustrate proof by contraposition
with two examples. These examples show that proof by contraposition can succeed when we
cannot easily find a direct proof.



EXAMPLE 3

EXAMPLE 6

Prove that if # is an integer and 3n + 2 is odd, then n is odd.

Solution: We first attempt a direct proof. To construct a direct proof, we first assume that 3n + 2
is an odd integer. This means that 3n 4+ 2 = 2k + 1 for some integer k. Can we use this fact

to show that n is odd? We see that 3n 4+ 1 = 2k, but there does not seem to be any direct way
to conclude that n is odd. Because our attempt at a direct proof failed, we next try a proof by
contraposition.

The first step in a proof by contraposition is to assume that the conclusion of the conditional
statement “If 3n + 2 is odd, then n is odd” is false; namely, assume that n is even. Then, by
the definition of an even integer, n = 2k for some integer k. Substituting 2k for n, we find
that 3n +2 =32k) +2 =6k + 2 =23k + 1). This tells us that 3n + 2 is even (because it
is a multiple of 2), and therefore not odd. This is the negation of the premise of the theorem.
Because the negation of the conclusion of the conditional statement implies that the hypothesis
1s false, the original conditional statement is true. Our proof by contraposition succeeded; we
have proved the theorem “If 3n + 2 is odd, then n is odd.” <

Let P(n) be “If a and b are positive integers with a > b, then a” > b",” where the domain
consists of all nonnegative integers. Show that P(0) is true.

Solution: The proposition P(0)is “Ifa > b, thena® > b"”Becausea’ = b° = 1, the conclusion
of the conditional statement “If a > b, then a® > b°” is true. Hence, this conditional statement,
which is P (0), is true. This is an example of a trivial proof. Note that the hypothesis, which is
the statement “a > b,” was not needed in this proof. <



